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Abstract
In this paper, we are concerned with the reciprocity map of unramiﬁed class ﬁeld theory for
smooth projective surfaces over non-archimedean local ﬁelds which do not have potentially good
reduction. We will construct two types of smooth projective surfaces whose reciprocity maps
modulo positive integers are not injective. The ﬁrst type is the case where the kernel of the
reciprocity map is not divisible. The second is the case where the kernel of the reciprocity map
is divisible, but where nevertheless the reciprocity map modulo some integer is not injective.
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0. Introduction
Let K be a p-adic ﬁeld, i.e., a ﬁnite ﬁeld extension of Qp, and let X be a projective
smooth variety over K. The unramiﬁed class ﬁeld theory of X was ﬁrstly studied by
Bloch in his paper [B1, §2] in case X is a curve with good reduction. Following his
work, Saito formulated the following reciprocity map [Sa, II.1]:
X : SK1(X) −−−−→ ab1 (X),
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where ab1 (X) denotes the abelian étale fundamental group and SK1(X) is an invariant
of X deﬁned in terms of Milnor K-groups (cf. (1.3) below). This map is a generalization
of the reciprocity map of the local class ﬁeld theory:
K : K× −−−−→ GabK .
In case X is a curve, the kernel of X coincides with the maximal divisible sub-
group SK1(X)Div of SK1(X) [Sa, II.5.1], and the quotient of ab1 (X) by the closure
of Im(X) is described by a combinatorial invariant associated with the reduction
([Sa, II.2.2, KS, §1]; see also [Sz1] for the case of conic ﬁbrations over curves). In
this paper we are mainly concerned with the case where X is a surface and has a
projective ﬂat regular model over the integer ring OK of K with semistable reduction.
In this case, Jannsen and Saito [JS] constructed the following exact sequence for a
positive integer n, assuming the Bloch–Kato conjecture in degree 3 for the function
ﬁeld of X (see Theorem 4.1 below for details):
H2(Y ,Z/nZ)−−−−→ SK1(X)/n X/n−−−−→ab1 (X)/n−−−−→ H1(Y ,Z/nZ) −−−−→ 0,
(∗)
where Y denotes the reduction of X and Y is a ﬁnite simplicial complex called the dual
graph of Y (cf. (1.4) below). Consequently, if the dual graph Y is contractible, e.g., X
has good reduction, then X has dense image and its kernel coincides with SK1(X)Div
(cf. Remark 2.2(1), Lemma 4.3 below). However it has been unknown whether the
map X/n is injective or not in general, because the ﬁrst map in (∗) is abstract and
difﬁcult to compute directly. The aim of this paper is to construct surfaces X for which
X/n is not injective for some n > 1. More precisely, we will construct the following
two kinds of projective smooth surfaces over an arbitrary p-adic ﬁeld:
(1) A surface X for which the image of Ker(X) → SK1(X)/n is non-trivial for
some n > 1 (this property implies that the quotient group Ker(X)/SK1(X)Div is
non-zero).
(2) A surface X for which Ker(X) = SK1(X)Div but nevertheless for which X/n is
not injective for some n > 1 (under the Bloch–Kato conjecture in degree 3).
We will construct surfaces of case (1) without using sequence (∗) but using a simple
criterion concerning the existence of non-divisible elements in Ker(X) (cf. §2, §3). On
the other hand, the property in case (2) is more delicate, and we will need the exactness
of (∗) to construct surfaces with this property (cf. §4). As concrete examples, we show
here two projective smooth K3 surfaces S and S′ over Q2 deﬁned by the following
multi-homogeneous equations in P1×P1×P1/Q2 with homogeneous coordinate ((U0 :
U1), (V0 : V1), (W0 : W1)):
S : (U20 − U0U1 + U21 )(V 20 − V0V1 + V 21 )W0W1
+2 · U0U1 · V0V1 · (W 20 −W0W1 +W 21 ) = 0,
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S′ : (U20 − U0U1 + U21 )(V 20 − V0V1 + V 21 )(W 20 −W0W1 +W 21 )
+2 · U0U1 · V0V1 ·W0W1 = 0.
These surfaces are isomorphic to each other over the unramiﬁed quadratic extension
of Q2, but of different arithmetic nature over Q2. In fact, the surface S will turn out
to belong to the case (1), and we will construct an element a ∈ Ker(S) which is
non-zero in SK1(S)/n for any even n > 1; we will further show that Ker(S) contains
a non-trivial 2-primary torsion element a′ with a′ /∈ SK1(S)Div, so that the following
map induced by S is not injective:
S,2-cotor : SK1(S)2-tors/(SK1(S)2-tors)Div −−−−→ ab1 (S)
(cf. Example 3.6, see also [Sz2] for results in a different direction). On the other hand,
the surface S′ belongs to case (2), because we have Ker(S′) = SK1(S′)Div and S′/n
is not injective for any even n > 1. To prove this fact, we will calculate the ﬁrst map
in (∗) for S′ by computing the reciprocity map of the reduction explicitly (cf. Theorem
4.5).
Finally, we like to mention that our method to construct surfaces of case (1) can be
applied to a construction of a proper smooth surface X over a number ﬁeld for which
the following étale Chern class map is not injective for some n > 1:
SK1(X)/n −−−−→ H5ét(X,⊗3n )
(cf. Remark 3.7 below). This example suggests that étale cycle class maps from higher
Chow groups of varieties over number ﬁelds [B2] are not injective in general, outside
of the bidegrees corresponding to the Quillen–Lichtenbaum conjectures (cf. [Le, §13];
see also [Sr]).
This paper is organized as follows. In §1, we prepare general notation and termi-
nology we will use in this paper. In §2, we will discuss a sufﬁcient condition for a
surface X to satisfy the property Ker(X)/SK1(X)Div = 0 (case (1)). We will show
how to construct such a surface X in §3. In §4, we will construct surfaces belonging to
case (2). In Appendix A, we will give an alternative construction of K3 surfaces which
belongs to case (1) by the theory of the canonical lift of ordinary log K3 surfaces due
to Nakkajima [Na, §5].
1. Notation and generalities
In this section, we ﬁx some notation and recall some generalities.
(1.1) For an abelian group M and a positive integer n, nM and M/n denote the
kernel and the cokernel of the map M ×n−→M , respectively. Mtors denotes the torsion
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part of M, Mdiv denotes the subgroup of divisible elements in M:
Mdiv :=
⋂
n∈N n ·M,
and MDiv denotes the maximal divisible subgroup of M. In general, we have the
equalities
Mdiv=Ker
(
M −→ lim←−n∈N M/n
)
,
MDiv= Im (Hom(Q,M) −→ M) ,
(1.1.1)
and the inclusion MDiv ⊂ Mdiv, which is not necessarily an equality. If the projective
system {nM}n∈N satisﬁes the Mittag–Lefﬂer condition, then we have MDiv = Mdiv (cf.
[J, §4]). For our later convenience in §4, we introduce the following variant. Let L be
a set of prime numbers. Let N(L) be the set of natural numbers all of whose prime
divisors belong to L. Then ML-div denotes the subgroup of L-divisible elements:
ML-div :=
⋂
n∈N(L) n ·M,
and ML-Div denotes the maximal L-divisible subgroup of M, that is, the maximal
subgroup which is divisible by any prime number in L. In general, we have equalities
similar to (1.1.1), and the inclusion ML-Div ⊂ ML-div. This inclusion is not necessarily
an equality in general, but it is if the projective system {nM}n∈N(L) satisﬁes the Mittag–
Lefﬂer condition.
(1.2) For a ﬁeld k, k× denotes the multiplicative group, ksep denotes a ﬁxed separable
closure, Gk denotes the absolute Galois group Gal(ksep/k). For a connected scheme X
which is of ﬁnite type and geometrically connected over k, ab1 (X) denotes the abelian
étale fundamental group, and geo1 (X) denotes the kernel of the push-forward map
ab1 (X)→ Gabk .
(1.3) For a scheme X and a non-negative integer q, Xq denotes the set of points on
X of codimension q. For a point x ∈ X, (x) denotes the residue ﬁeld. For a scheme X
of ﬁnite type over a ﬁeld k and of pure dimension d, we deﬁne the following groups:
SK1(X) := Coker
(⊕
x∈Xd−1 KM2 ((x))
X2−→
⊕
x∈Xd (x)×
)
,
CH0(X) := Coker
(⊕
x∈Xd−1 (x)×
X1−→
⊕
x∈Xd Z
)
,
where the map X2 (resp. X1 ) is the boundary map coming from the tame symbol
map (resp. the discrete valuation) of Milnor K-groups (resp. discrete valuation ﬁelds)
(cf. [K1, §1]). The group CH0(X) is called the Chow group of 0-cycles on X modulo
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rational equivalence. Let X be a ﬂat scheme of ﬁnite type and of relative dimension d
over a noetherian excellent discrete valuation ring A (cf. [EGA4, 7.8.8]). Let X (resp.
Y) be the generic ﬁber (resp. the special ﬁber) of X → Spec(A), that is, the ﬁber
over the generic point (resp. the closed point) of Spec(A). Then we have the following
commutative diagram by [K1, Proposition 1]:
⊕
x∈Xd−1 KM2 ((x))
X2−−−−−→ ⊕
x∈Xd (x)×
X,Y2
	 	X,Y1
⊕
x∈Yd−1 (x)×
−Y1−−−−−→ ⊕
x∈Yd Z,
where the maps X,Y2 and 
X,Y
1 are boundary maps deﬁned in a similar way to 
X
2 and
Y1 , respectively. By this commutative diagram, we obtain the following boundary map:
SK1(X) −−−−→ CH0(Y ), (1.3.1)
which plays an important role in this paper.
(1.4) Let k be a ﬁeld and let X be an equi-dimensional scheme of ﬁnite type over
k. We call X a normal crossing variety over k of dimension d, if it is separated over
k and everywhere étale locally isomorphic to
Spec(k[T0, T1, · · ·, Td ]/(T0T1· · ·Tr))
for some integer r with 0rd . We will often call a normal crossing variety of
dimension 2 a normal crossing surface. A normal crossing variety over a ﬁeld k is
called simple if any irreducible component is smooth over k. For a simple normal
crossing variety Y = ∪i∈I Yi (Yi’s are irreducible components) over k and a positive
integer r, deﬁne
Y (r) :=
∐
{i1,i2,...,ir }⊂I
Yi1 ×Y Yi2 ×Y · · · ×Y Yir ,
whose connected components are smooth varieties of dimension d + 1 − r with d :=
dim Y . Fix an ordering on I. Then we deﬁne the ﬁnite simplicial complex Y associated
with Y by the law that the set Sr of r-simplexes (0rd) is the set of irreducible
components of Y (r). More precisely, we determine the orientation (= the differential
operator) of r-simplexes inductively on r, by the ﬁxed ordering on I (cf. [JS], see also
[MSA], Appendix B for the case d = 1). We call Y the dual graph of Y. This invariant
will be used in §4.
(1.5) Let A be a henselian discrete valuation ring. Let K (resp. k) be the fraction
ﬁeld (resp. the residue ﬁeld) of A. Let X be a scheme which is ﬂat of ﬁnite type and
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separated over A. We call X a semistable family over A if X is everywhere étale locally
isomorphic to
Spec(A[T1, . . ., Td ]/(T1· · ·Tr − ))
for some 1rd, where d denotes the relative dimension and  denotes a ﬁxed prime
of A. Then X is regular, the generic ﬁber X⊗A K is smooth over K, and the special
ﬁber X⊗A k is reduced and a normal crossing variety over k. We call further X strict if
any irreducible component of the special ﬁber is smooth over k, that is, if the special
ﬁber is a simple normal crossing variety over k.
(1.6) For our later convenience in §4 below, we recall here the Bloch–Kato conjecture
[BK, §5] and known facts concerning this conjecture:
Conjecture 1.1 (Bloch–Kato). Let F be a ﬁeld and let i be an integer at least 0. Then
for a positive integer n prime to ch(F ), the following Galois symbol map is bijective:
KMi (F )/n→ HiGal(GF ,⊗in ),
where n denotes the group of nth roots of unity in F sep.
Theorem 1.2. Conjecture 1.1 holds true in the following cases:
(1) i2, and n is arbitrary with (n, ch(F )) = 1.
(2) i = 3, ch(F ) = 2 and n is a power of 2.
The case i = 0 is clear, and the case i = 1 follows from Hilbert’s theorem 90; the
case i = 2 is due to Merkur’ev–Suslin [MS1]. Case (2) was proved by Merkur’ev–
Suslin [MS2] and independently by Rost (unpublished).
Remark 1.3. In his recent work [V], Voevodsky proved Conjecture 1.1 in case n is a
power of 2 and i is arbitrary.
2. Existence criterion for non-divisible cycles
(2.1) Let K be a non-archimedean local ﬁeld, let OK be its integer ring and let k
be its ﬁnite residue ﬁeld. Suppose that we are given a cartesian diagram of schemes
X −−−−→ X ←−−−− Y	  	  	
Spec(K) −−−−→ Spec(OK) ←−−−− Spec(k)
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which satisﬁes the following three conditions:
(i) The morphism X→ Spec(OK) is proper ﬂat of ﬁnite type and of relative dimen-
sion 2, X → Spec(K) is smooth, and Y → Spec(k) is smooth on some dense
open subset of Y.
(ii) There exists a non-trivial torsion element c ∈ CH0(Y ) represented by a formal
sum of k-rational points on the smooth locus of Y.
(iii) ab1 (Xsep) = 0, where Xsep denote the scalar extension X ⊗K Ksep.
Let us recall that the group CH0(Y ) is ﬁnitely generated by a result of Colliot-Thélène
et al. [CTSS, p. 788, Corollaire 7]. In this section, we construct non-divisible elements
in the kernel of the reciprocity map
X : SK1(X) −−−−→ ab1 (X),
and show that the induced map
X/n : SK1(X)/n −−−−→ ab1 (X)/n
is not injective for any n > 1 annihilating the ﬁnite group CH0(Y )tors, under the above
three assumptions (see Theorems 2.1 and 2.4 below). Some examples of such triples
(X,X, Y ) will be given in §3 and Appendix A below.
Theorem 2.1. Let X, X and Y be as above. Then the image of the natural map
Ker(X) → SK1(X)/n is non-trivial for any positive integer n which annihilates
CH0(Y )tors. In particular, the map X/n is not injective for such an integer n.
Remark 2.2. We mention here two remarks:
(1) For a proper smooth variety X over K, the group ab1 (X) is a pro-ﬁnite abelian
group. Hence ab1 (X)div = 0, and we have the following inclusions (see also (4.1)
below):
SK1(X)Div ⊂ SK1(X)div ⊂ Ker(X),
Ker(X)/SK1(X)div ⊂Ker
(
lim←−n∈N X/n : lim←−n∈N SK1(X)/n −→ lim←−n∈N 
ab
1 (X)/n
)
.
(2) Theorem 2.1 implies that the quotient group Ker(X)/SK1(X)div is non-trivial
under assumptions (i)–(iii).
Proof of Theorem 2.1. Take a representative
∑r
i=1 mi · [yi] of the non-trivial torsion
0-cycle c ∈ CH0(Y ) in assumption (ii), where yi’s are k-rational points on the smooth
locus of Y. By Hensel’s lemma (cf. [M1, I.4.2]), there exists a section xi : Spec(OK)→
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X which specializes to yi for each i = 1, . . ., r . Let  be a prime of OK , let vi be the
generic point of xi and deﬁne
a :=
∑r
i=1 [vi,
mi } ∈ SK1(X),
where for a closed point v ∈ X and f ∈ (v)×, we wrote [v, f } for the image of f
under the natural composite map (v)× →⊕x∈X0 (x)× → SK1(X). We prove that
the element a is contained in Ker(X) and non-zero in SK1(X)/n for any positive
integer n annihilating CH0(Y )tors. We ﬁrst show that a lies in Ker(X). Since ab1 (Xsep)
is trivial by assumption (iii), we have ab1 (X)  GabK and the reciprocity map X factors
as follows:
SK1(X)
Norm−−−−→ K× K−−−−→ GabK  ab1 (X).
By this decomposition, we are reduced to showing Norm(a) = 1. Since c is torsion,
we have
∑r
i=1 mi = 0 and Norm(a) = 1 by the deﬁnition of a. Hence a belongs to
Ker(X). We next show that a is non-zero in SK1(X)/n, if n annihilates CH0(Y )tors.
In fact, a maps to c under the boundary map SK1(X) → CH0(Y ) (cf. (1.3.1)), and
c is non-zero in CH0(Y )/n. Thus a is non-zero in SK1(X)/n and we obtain the
theorem. 
(2.2) We next show that the group Ker(X) contains a non-divisible torsion element
under the assumptions (i)–(iii) in (2.1) (cf. Theorem 2.4 below). For this, we recall the
following more general facts, whose ﬁrst assertion is originally an unpublished result
of Salberger:
Proposition 2.3. Let X be a proper smooth variety over a non-archimedean local ﬁeld
K. Let V (X) be the kernel of the norm map SK1(X) → K×. Then the following
holds:
(1) V (X)/V (X)Div is torsion.
(2) Ker(X)/Ker(X)Div is torsion.
Proof. (1) The problem is reduced to the case where X is a curve, by Salberger’s
argument (cf. [CT, Proof of Proposition 3.3]). In this case V (X)/V (X)Div is a ﬁnite
group by theorems of Saito and Yoshida ([Sa, Theorem, p. 45; Yo, 1.3]).
(2) Note that Ker(X) ⊂ V (X), because the reciprocity map K : K× → GabK is
injective by the local class ﬁeld theory (cf. [W, Corollary 1, p. 229]). Hence we have
only to show the equality Ker(X)Div = V (X)Div as subgroups of V (X). We prove
this claim. In fact, we have an exact sequence
0 −−−−→ Ker(X) −−−−→ V (X) −−−−→ ab1 (X)
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and hence, an exact sequence
0 −−−−→ Hom(Q,Ker(X)) −−−−→ Hom(Q, V (X)) −−−−→ Hom(Q,ab1 (X)),
where the last group is trivial because ab1 (X) is a pro-ﬁnite abelian group. Thus we
have Ker(X)Div = V (X)Div (cf. (1.1)). This completes the proof. 
Theorem 2.4. Under assumptions (i)–(iii) in (2.1), Ker(X) contains a non-trivial tor-
sion element which does not belong to SK1(X)div.
Proof. We use the notation ﬁxed in the proof of Theorem 2.1. Let q be the natural
projection Ker(X)→ Ker(X)/Ker(X)Div, and take a section
 : Ker(X)/Ker(X)Div −−−−→ Ker(X)
of q. Let a ∈ Ker(X) be the element constructed in Theorem 2.1 and put a′ :=
q(a) ∈ Ker(X), which is torsion by Proposition 2.3. We show that a′ /∈ SK1(X)div.
In fact, q(a′) coincides with q(a) and maps to c under the following map induced by
(1.3.1):
Ker(X)/Ker(X)Div −−−−→ CH0(Y ),
where we have used the fact that CH0(Y )Div = 0. Therefore a′ maps to c under
the boundary map (1.3.1), which shows that a′ /∈ SK1(X)div. This completes the
proof. 
We end this section with the following remark:
Remark 2.5. One can deduce Theorem 2.4 from Theorem 2.1 alternatively by the
following more careful observations using Proposition 2.3(2). In (1) and (2) below, let
X be an arbitrary proper smooth variety over K.
(1) We ﬁrst observe the group Ker(X)tors, which is nothing other than the kernel of
the reciprocity map restricted to the torsion part:
X,tors : SK1(X)tors −−−−→ ab1 (X).
We show that the composite map
 : Ker(X)tors ⊂−−−−→ Ker(X)
q−−−−→ Ker(X)/Ker(X)Div
induces a bijective map
 : Ker(X)tors/{Ker(X)tors}Div −−−−→ Ker(X)/Ker(X)Div.
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In fact, an arbitrary section of q deﬁnes a section of  by Proposition 2.3(2), which
implies the surjectivity of . On the other hand, we have Ker() = {Ker(X)tors}Div
by the equality {Ker(X)tors}Div = Ker(X)tors ∩ Ker(X)Div. Thus  is bijective.
By the equality Ker(X)Div = SK1(X)Div (cf. Proof of Proposition 2.3(2)), we may
rewrite the isomorphism  as
 : Ker(X)tors/{Ker(X)tors}Div −−−−→ Ker(X)/SK1(X)Div.
(2) Next let us consider the following commutative diagram of natural maps:
Ker(X)tors/{Ker(X)tors}Div −−−−→ Ker(X)/SK1(X)Div	 	
Ker(X)tors/{Ker(X)tors ∩ SK1(X)div}
−−−−→ Ker(X)/SK1(X)div.
We show that  is bijective. In fact,  is clearly injective, and moreover surjective,
because  and  are surjective (see also Lemma 4.3 and Remark 4.4 below for
some conditional comparison facts between SK1(X)Div and SK1(X)div).
(3) Now suppose that X is a surface which can be completed into a triple (X,X, Y )
satisfying the assumptions (i)–(iii) in (2.1). Then the bijectivity of  and The-
orem 2.1 (cf. Remark 2.2(2)) imply that the group Ker(X)tors/{Ker(X)tors ∩
SK1(X)div} contains a non-zero element, which is nothing other than the assertion
in Theorem 2.4.
3. Construction of surfaces with bad reduction
In this section, we construct a triple (X,X, Y ) satisfying conditions (i)–(iii) in (2.1).
The resulting variety X will be a smooth projective surface over a local ﬁeld with bad
reduction such that the kernel of the reciprocity map contains non-divisible elements
(cf. Theorems 2.1 and 2.4).
(3.1) Let K be a ﬁeld endowed with a discrete valuation, let OK ⊂ K be the integer
ring with respect to the given discrete valuation and let k be the residue ﬁeld of OK .
We assume that k is a ﬁnite ﬁeld; OK does not need to be complete or henselian
throughout this section. We will start with a simple normal crossing surface Y/k, and
then construct X/OK by lifting Y; we will obtain X/K by taking the generic ﬁber of
X. We ﬁx some general notation. For a commutative ring R, put P1,1,1R := P1R ×Spec(R)
P1R ×Spec(R) P1R , and let (U0 : U1) (resp. (V0 : V1), (W0 : W1)) be the homogeneous
coordinate of the ﬁrst (resp. second, third) component of P1,1,1R . We will often write
(u; v;w) for the multi-homogeneous coordinate ((U0, U1); (V0, V1); (W0,W1)) of P1,1,1R
for simplicity. For positive integers &, m and n, let R[u; v;w](&,m,n) be the R-submodule
of the polynomial ring R[u; v;w] = R[U0, U1;V0, V1;W0,W1] consisting of multi-
homogeneous polynomials of degree (&,m, n). Now let n be a positive integer and
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let f (T ) ∈ k[T ] be a monic irreducible polynomial of degree n. Deﬁne the multi-
homogeneous polynomial F0(u; v;w) ∈ k[u; v;w](n,n,2) as
F0(u; v;w) := f (U0/U1)Un1 · f (V0/V1)V n1 ·W0W1, (3.1.1)
and deﬁne Y as the following hypersurface of multi-degree (n, n, 2):
Y := {(u; v;w); F0(u; v;w) = 0} ⊂ P1,1,1k . (3.1.2)
Clearly, Y is written as the union
(Q×P1k × P1k) ∪ (P1k ×Q× P1k) ∪ (P1k × P1k × {O,∞}) ⊂ P1,1,1k , (3.1.3)
where all ﬁber products are taken over Spec(k), and Q denotes the closed point of
P1k = Proj(k[T0, T1]) deﬁned by the homogeneous polynomial f (T0/T1)T n1 . For this
simple normal crossing surface Y, we will prove the following lemma later in (3.3),
which shows that Y satisﬁes condition (ii) in (2.1):
Lemma 3.1. The group CH0(Y ) is isomorphic to Z⊕ (Z/nZ), and its torsion part is
generated by the difference of two k-rational points on the smooth locus of Y.
(3.2) We construct a lift X/OK of Y/k satisfying condition (i) in (2.1), by deforming
the deﬁning equation F0(u; v;w) in (3.1.1); we will check condition (iii) in (2.1) for
this lift, later in (3.4). Let  be a prime element of the discrete valuation ring OK . Fix
a lift f˜ (T ) ∈ OK [T ] of f (T ) with deg(f˜ ) = n, and put
F˜0(u; v;w) := f˜ (U0/U1)Un1 · f˜ (V0/V1)V n1 ·W0W1 ∈ OK [u; v;w](n,n,2),
which is a lift of F0(u; v;w). For a polynomial G(u; v;w) ∈ OK [u; v;w](n,n,2), deﬁne
the hypersurface XG as follows:
XG := {(u; v;w); F˜0(u; v;w)+  ·G(u; v;w) = 0} ⊂ P1,1,1OK .
For a sufﬁciently general polynomial G ∈ OK [u; v;w](n,n,2), XG/OK has smooth
generic ﬁber (cf. [Fr, pp. 82–83]), and any such XG is a desired lift of Y. More
explicitly, we have the following example of such G. Take a monic polynomial g(T ) ∈
OK [T ] of degree n or n− 1 (resp. h(T ) ∈ OK [T ] of degree 2) whose residue class in
k[T ] is separable and prime to f (T ) (resp. separable and prime to T). Then for
G(u; v;w) := g(U0/U1)Un1 · g(V0/V1)V n1 · h(W0/W1)W 21 ,
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XG ⊗OK K is smooth over K, because it is everywhere étale locally isomorphic
to A2K .
Remark 3.2. If n = 2 and K is an absolutely unramiﬁed p-adic ﬁeld, then we can
construct a desired lift X/OK alternatively by the log smooth deformation theory (see
Appendix A below).
(3.3) We prove Lemma 3.1. For this, we ﬁrst recall the following facts:
Lemma 3.3. (1) Let Z be a simple normal crossing variety over a ﬁeld, and ﬁx an
ordering of the irreducible components of Z. Then we have
CH0(Z)  Coker
(
CH0(Z(2))→ CH0(Z(1))
)
,
where the map in the right hand side is deﬁned as the alternate sum of push-forward
maps of Chow groups.
(2) Let F be a ﬁeld, and put P1,1F := P1F ×Spec(F ) P1F . Then the group CH0(P1,1F ) is
a free abelian group of rank 1 generated by the class of an F-rational point.
Proof. Condition (1) is straight-forward and left to the reader.
(2) Fix an F-rational point ∞ ∈ P1F , and let A1F be the complement. Then we have
an exact sequence (cf. [Fu, §1.8]):
CH0(P1F ×∞) i−−−−→ CH0(P1,1F ) −−−−→ CH0(P1F ×A1F ),
and the last group is trivial by the homotopy invariance of Chow groups (cf. [Fu,
§3.3]). Hence the map i is surjective. Moreover, i is injective, because the composite
map
CH0(P1F ×∞) i−−−−→ CH0(P1,1F )
deg−−−−→ Z
is injective. Thus i is bijective and we obtain the assertion. 
To prove Lemma 3.1, we determine generators and relations of CH0(Y ) (cf. Proposi-
tion 3.4 below). Let SO (resp. S1, S2, S∞) be the irreducible component P1k×P1k×{O}
(resp. Q×P1k ×P1k , P1k ×Q×P1k , P1k ×P1k ×{∞}) of Y (cf. (3.1.3)). Take a k-rational
point yO on SO and a k-rational point y∞ on S∞. Lemma 3.1 immediately follows
from the following lemma:
Lemma 3.4. The Chow group CH0(Y ) is generated by [yO ] and [y∞]. The elements
[yO ] and [y∞] have inﬁnite order, and [yO ] − [y∞] is a non-trivial torsion element of
order n.
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Proof. Let L be the residue ﬁeld of Q. Because k is a ﬁnite ﬁeld by assumption, the
extension L/k is galois. By Lemma 3.3(2), CH0(SO) and CH0(S∞) are generated by
[yO ] and [y∞] respectively, and CH0(Si) (i = 1, 2) is generated by the class of an
L-rational point. On the other hand, Y (2) (cf. (1.4)) is the disjoint union of n+4 copies
of P1L and CH0(Y (2)) is generated by L-rational points. By these facts and Lemma
3.3(1), one can easily check the assertions. The details are straight-forward and left to
the reader. 
(3.4) We ﬁnally show that the generic ﬁber X := XG⊗OK K of XG/OK obtained in
(3.2) satisﬁes condition (iii) in (2.1). Note that X is a hypersurface in P1,1,1K , and that
we have ab1 (P
1,1,1
Ksep ) = 0. Hence our assertion follows from the afﬁneness of P1,1,1K \X
and the following lemma:
Lemma 3.5. Let F be a separably closed ﬁeld and let i : W → Z be a closed
immersion of proper smooth F-varieties such that d := dim(Z)3 and such that the
complement U := Z \W is afﬁne. Then the push-forward map i∗ : ab1 (W)→ ab1 (Z)
is bijective.
Proof. We prove that the Pontryagin dual of i∗:
i∗ : H1ét(Z,Q/Z) −−−−→ H1ét(W,Q/Z)
is bijective. By the long exact sequence of étale cohomology groups
· · · −−−−→H1c(U,Q/Z) −−−−→ H1ét(Z,Q/Z) −−−−→ H1ét(W,Q/Z)
−−−−→ H2c(U,Q/Z)−−−−→ · · ·
(the subscript c means étale cohomology groups with compact support), it sufﬁces
to show that the group Hic(U,Q/Z) is trivial for i = 1, 2. We prove this triviality.
We put p := ch(K), and show the prime-to-p part, ﬁrst. Let & be a prime number
different from p. By the Poincaré duality theorem [M1, VI.11.1], the Pontryagin dual
of Hic(U,Q&/Z&) is isomorphic to H
2d−i
ét (U,Z&), and the last group is trivial for i =
1, 2 by the afﬁne Lefschetz theorem [M1, VI.7.2] and the assumption that d3. Thus
we obtain the prime-to-p part. We next show the p-primary part in case p > 0. By the
proper base change theorem [M1, VI.2.6], the problem is reduced to the case where
F is algebraically closed. Then by the duality results in [JSS], Theorems 1.6, 1.7 (cf.
[Mo,M2, §1]), the Pontryagin dual of Hic(U,Qp/Zp) is isomorphic to the following
group:
lim←− r H
d−i
ét (U,Wr 
d
U,log), (3.4.1)
where Wr dU,log denotes the étale subsheaf of the logarithmic part of the Hodge–Witt
sheaf Wr dU deﬁned by Illusie [I1]. Moreover, group (3.4.1) is trivial for i = 1, 2
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by a result of Suwa [Sw, 2.1] and the assumption that d3. Thus we obtain the
lemma. 
We end this section by showing how to apply the above arguments to the K3 surface
S/Q2 in the introduction:
Example 3.6. Consider the case where K = Q2, k = F2, f (T ) = T 2− T + 1 ∈ F2[T ]
and f˜ (T ) = T 2 − T + 1 ∈ Z2[T ]. The K3 surface S in the introduction is a desired
lift of the normal crossing surface
Y := {(u; v;w); (U20 − U0U1 + U21 )(V 20 − V0V1 + V 21 )W0W1 = 0} ⊂ P1,1,1F2 ,
which is an analogue of Friedman’s tetrahedron in P3 (cf. [Fr, p. 82]). By Lemma
3.1, we have CH0(Y )  Z ⊕ (Z/2Z), and its torsion part is generated by the cycle
[yO ]−[y∞] with yO := ((0 : 1), (0 : 1), (0 : 1)) and y∞ := ((0 : 1), (0 : 1), (1 : 0)) ∈ Y .
By Lemma 3.5, we have ab1 (S ⊗Q2 Qsep2 ) = 0. Now put vO := ((0 : 1), (0 : 1), (0 :
1)) ∈ S and v∞ := ((0 : 1), (0 : 1), (1 : 0)) ∈ S. Then by the arguments in Theorem
2.1, the element
a := [vO, 2} − [v∞, 2} ∈ SK1(S)
is contained in Ker(S) and non-zero in SK1(S)/n for any even n > 1. Thus the
surface S belongs to case (1) in the introduction. Furthermore, by the arguments in
Theorem 2.4 (cf. Remark 2.5), Ker(S) contains a 2-primary torsion element a′ with
a′ /∈ SK1(S)2-div.
Remark 3.7. As an application of our arguments in §2 and §3, we construct here a
proper smooth surface X over a number ﬁeld K whose étale Chern class map
clX,n : SK1(X)/n −−−−→ H5ét(X,⊗3n )
is not injective for some n > 1, where n denotes the étale sheaf of nth roots of unity
on X. Put K := Q(√−1) and k := F3. Let X be the smooth hypersurface in P1,1,1K
deﬁned by the following multi-homogeneous polynomial of multi-degree (3, 3, 2):
(U30 − U0U21 + U31 )(V 30 − V0V 21 + V 31 )W0W1
+3 · U0U1(U0 + U1) · V0V1(V0 + V1) · (W 20 +W 21 ),
which is a lift of the normal crossing surface
Y := {(u; v;w); (U30 − U0U21 + U31 )(V 30 − V0V 21 + V 31 )W0W1 = 0} ⊂ P1,1,1k .
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Deﬁne the closed points vO, v∞ on X as vO := ((0 : 1), (0 : 1), (0 : 1)) and v∞ :=
((0 : 1), (0 : 1), (1 : 0)), respectively, and deﬁne
a := [vO, 3} − [v∞, 3} ∈ SK1(X).
We show that a maps to zero under clX,n for any n > 1 and that a /∈ SK1(X)div. By
Lemma 3.5 and the fact cd(GK) = 2 [Se, II.6.3.B], one can easily check that
H5ét(X,
⊗3
n )  H1Gal(GK,n) (3.4.2)
for any n > 1, using the Hochschild-Serre spectral sequence
E
p,q
2 = HpGal(GK,Hqét(X ⊗K Ksep,⊗3n ) ⇒ Hp+qét (X,⊗3n ).
Since a is contained in the kernel of the norm map SK1(X)→ K×, we have clX,n(a) =
0 for any n > 1 by (3.4.2). On the other hand, a has non-zero image in SK1(X)/n
for any n > 1 with 3|n, by Lemma 3.1 and similar arguments to Theorem 2.1. Thus
we obtain the assertion.
4. Another example
In this section, we construct smooth projective K3 surfaces which belong to case
(2) in the introduction.
(4.1) Let K be a non-archimedean local ﬁeld, and let OK (resp. k) be the integer
ring (resp. residue ﬁeld) of K. We recall here the theorem of Jannsen and Saito [JS]
on the reciprocity map of surfaces:
Theorem 4.1 (Jannsen–Saito). Let X be a projective smooth surface over K which
has a projective ﬂat regular model X over OK with strict semistable reduction. Put
Y := X⊗OK k, which is a simple normal crossing surface over k. Let n be a positive
integer prime to ch(K), and assume that the surjectivity part of Conjecture 1.1 holds
true for the function ﬁeld of X in degree 3 with Z/nZ-coefﬁcients. Then we have the
following commutative diagram with exact rows:
H2(Y ,Z/nZ) −−−−−→ SK1(X)/n X/n−−−−−→ ab1 (X)/n −−−−−→ H1(Y ,Z/nZ) −−−−−→ 0∥∥∥∥ (1.3.1)	 sp	 ∥∥∥∥
H2(Y ,Z/nZ) −−−−−→ CH0(Y )/n 	Y /n−−−−−→ ab1 (Y )/n −−−−−→ H1(Y ,Z/nZ) −−−−−→ 0,
(4.1.1)
where 	Y denotes the reciprocity map of Y (cf. [L]), and sp denotes the specialization
map of abelian étale fundamental groups.
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Remark 4.2. The lower exact sequence in the above commutative diagram is obtained
from a cohomological Hasse principle for smooth proper surfaces over ﬁnite ﬁelds (cf.
[CTSS, Remarque 2, p. 790; KCT, Corollary, p. 145] see also [CT, Theorems A, B;
Sw, (1) and (2), p. 269]).
We will use the following lemma later (see also Remark 4.4 below):
Lemma 4.3. Let X be a proper smooth variety over K. Let L be a set of prime numbers,
and let ab1 (X)pro-L be the maximal pro-L quotient of ab1 (X). Suppose that the kernel
of the L-adic reciprocity map:
(L)X : SK1(X) −−−−→ ab1 (X)pro-L
coincides with SK1(X)L-div. Then we have the equalities
SK1(X)L-Div = SK1(X)L-div = Ker((L)X ).
Proof. The lemma follows from the same argument as in [Sa, Proof of Theorem 5.1,
p. 72] together with [JS, Theorem 7.2] (see also [Yo, 1.1]). 
Remark 4.4. Assuming Conjecture 1.1 with i = 3 (for arbitrary ﬁnitely generated
ﬁelds F over K), we have SK1(X)L-Div = SK1(X)L-div for any smooth surface X over
K and any set L of prime numbers with ch(K) /∈ L (cf. (1.1)). In fact, under this
assumption, the groups nSK1(X) (n ∈ N(L)) are ﬁnite by Szamuely [Sz2, 5.2].
(4.2) Let K, OK and k be as in (4.1). Let P1,1,1k and P1,1,1OK be as in §3. Let L ⊂ ksep
be the quadratic extension of k, and take an irreducible polynomial f (T ) ∈ k[T ] of
degree 2. Let Y1 ⊂ P1,1,1k be the hypersurface of multi-degree (2, 2, 2) deﬁned by the
equation
f (U0/U1)U
2
1 · f (V0/V1)V 21 · f (W0/W1)W 21 = 0.
Let X1 ⊂ P1,1,1OK be the hypersurface of multi-degree (2, 2, 2) deﬁned by the equation
f˜ (U0/U1)U
2
1 · f˜ (V0/V1)V 21 · f˜ (W0/W1)W 21 +  · U0U1 · V0V1 ·W0W1 = 0,
where f˜ (T ) ∈ OK [T ] denotes a lift of f (T ) of degree 2 and  denotes a prime element
of OK . Then X1 is everywhere étale locally isomorphic to one of the following afﬁne
schemes:
(i) Spec(OK [T1, T2, T3]/(T1· · ·Tr − )), for some r ∈ {1, 2, 3};
(ii) Spec(OK [T1, T2, T3]/(T1T2 −  · T3)).
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In other words, X1 is a regular ﬂat semistable family over OK outside of ﬁnitely
many closed points (in fact, twelve L-valued closed points), and has ordinary quadratic
singularity at its singular points. In particular, the generic ﬁber X1 ⊗OK K is smooth
over K, and we obtain a projective ﬂat strict semistable family X over OK by blowing-
up X1 at its singular points. The exceptional ﬁbers of X→ X1 are smooth projective
quadratic surfaces in P3L and isomorphic to P
1 × P1 over ksep. Now let X (resp. Y)
be the generic ﬁber (resp. special ﬁber) of X/OK . Since X is the same as the generic
ﬁber of X1/OK , it is a smooth projective K3 surface over K. Note that the surface
S′/Q2 shown in the introduction is a special case of this construction. We will prove
the following:
Theorem 4.5. Assume that ch(K) = 2 and that the surjectivity part of Conjecture 1.1
holds in degree 3 for the function ﬁeld of X. Then the following holds:
(1) For a positive integer n prime to ch(K), the kernel of the reciprocity map modulo
n:
X/n : SK1(X)/n→ ab1 (X)/n
is isomorphic to Z/(2Z+ nZ).
(2) Let L be the set of all prime numbers prime to ch(K). Then the kernel of the
L-adic reciprocity map:
(L)X : SK1(X)→ ab1 (X)pro-L
is the maximal L-divisible subgroup of SK1(X).
Remark 4.6. By the upper exact sequence in diagram (4.1.1), one can easily show
that Coker(X/n)  Z/(2Z+ nZ) and Coker((L)X )  Z/2Z (cf. (4.3.2) below).
We will prove Theorem 4.5 in (4.3) below. In what follows, we investigate the
reciprocity map 	Y of Y, which will be used later in (4.3).
Lemma 4.7. The reciprocity map 	Y : CH0(Y )→ ab1 (Y ) is isomorphic to the follow-
ing map:
Z→ Ẑ; 1 → 2.
Proof. Note that any irreducible component of Y is geometrically integral over L, but
that Y is geometrically connected over k.
We prove that CH0(Y ) is isomorphic to Z and generated by the class of an L-rational
point. By Lemma 3.3, one can check that CH0(Y1) is isomorphic to Z and generated
by the class of an L-rational point. We prove that the push-forward homomorphism
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e∗ : CH0(Y )→ CH0(Y1) induced by the projection e : Y → Y1 is bijective. In fact, by
the same argument as in [MSA], Lemma 2.9, we have the following exact sequence:
⊕
i∈I
CH0(Ei)deg=0 −−−−→ CH0(Y ) e∗−−−−→ CH0(Y1) −−−−→ 0,
where {Ei}i∈I (.I = 12) denote the exceptional ﬁbers of X→ X1, and the surjectivity
of e∗ follows from the existence of a 0-cycle of degree 1 (over L) on each Ei . We claim
here that CH0(Ei)deg=0 = 0 for any i ∈ I . In fact, we have CH0(Ei)deg=0  geo1 (Ei)
by the unramiﬁed class ﬁeld theory [KS], and the last group is trivial because Ei is a
quadratic hypersurface in P3L and H1ét(Ei ⊗L ksep,Q/Z) = 0 (cf. Lemma 3.5, [MSA],
Lemma 1.6). Thus e∗ : CH0(Y ) → CH0(Y1) is bijective, and CH0(Y ) is generated by
the class of an L-rational point.
We next show that ab1 (Y )  Gk . In fact, we have an exact sequence
0 −−−−→ H1(Y ,Q/Z) −−−−→ H1ét(Y ,Q/Z) −−−−→ H1ét(Y (1),Q/Z) (4.2.1)
with Y := Y ⊗k ksep, by the same argument as in [MSA, Lemma 1.3]. Here the group
H1(Y ,Z/nZ) is trivial, because Y is homotopic to Y1 and this simplicial complex
is a triangulation of the topological sphere S2. The last group in (4.2.1) is also trivial,
because Y (1) is the disjoint union of smooth projective rational surfaces. Hence we
have H1ét(Y ,Q/Z) = 0 and ab1 (Y )  Gk (cf. [MSA, Lemma 1.6]).
Finally, the map 	Y sends the class of an L-rational point to the Frobenius substitution

L ∈ Gk of L, that is, the square of 
k . This completes the proof of the lemma. 
(4.3) We begin the proof of Theorem 4.5. We ﬁrst show (1). Let n be a positive
integer, and let n′ be the greatest common divisor of 2 and n. Then we have an exact
sequence
0 −−−−→ Z/n′Z −−−−→ CH0(Y )/n 	Y /n−−−−→ ab1 (Y )/n −−−−→ Z/n′Z −−−−→ 0.
(4.3.1)
by Lemma 4.7. On the other hand, the dual graph Y is homotopic to Y1 , which is
a triangulation of the real projective plane P2(R). Hence we have
Hm(Y ,Z/nZ)  Z/n′Z (4.3.2)
for m = 1, 2. Now, suppose that n is prime to ch(K). Then by Theorem 4.1 and our
assumption on Conjecture 1.1, we have the following commutative diagram with exact
290 K. Sato / Journal of Number Theory 114 (2005) 272–297
rows:
H2(Y ,Z/nZ)
1−−−−→ SK1(X)/n X/n−−−−→ ab1 (X)/n∥∥∥ (1.3.1)	 sp	
H2(Y ,Z/nZ)
2−−−−→ CH0(Y )/n 	Y /n−−−−→ ab1 (Y )/n.
(4.3.3)
Here the map 1 is injective, because 2 is injective by (4.3.1) and (4.3.2). Therefore
the kernel of X/n is isomorphic to Z/n′Z.
We next show Theorem 4.5(2). We use the upper row in (4.3.3), which is an exact
sequence of ﬁnite groups. Take the projective limit of this sequence with respect to
integers n ∈ N(L) (cf. (1.1)). Then it is easy to see that lim←−n∈N(L) H2(Y ,Z/nZ) = 0,
and the map
lim←−n∈N(L) X/n : lim←−n∈N(L) SK1(X)/n −−−−→ 
ab
1 (X)
pro-L
is injective. Hence we have Ker((L)X ) = SK1(X)L-div (cf. Remark 2.2 (1)), and the
assertion follows from Lemma 4.3. This completes the proof of Theorem 4.5.
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Appendix A. Construction by log K3 surfaces
In this appendix, we give an alternative method to construct a triple (X,X, Y ) satisfy-
ing assumptions (1)–(3) in (2.1), by the log smooth deformation theory (cf. Proposition
A.6, Corollary A.7, Remark A.8 below).
(A.1) Let k be a perfect ﬁeld of positive characteristic which has a non-trivial
quadratic ﬁeld extension L/k. Fix a closed point Q on P1k with (Q)  L, and k-
rational closed points O,∞ on P1k . In this section, we are concerned with the following
hypersurface of multi-homogeneous degree (2, 2, 2) in Y0 := P1k × P1k × P1k:
Y0 := (Q× P1k × P1k) ∪ (P1k ×Q× P1k) ∪ (P1k × P1k × {O,∞}) ⊂ Y0, (A.1.1)
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where all ﬁber products are taken over Spec(k) (see also Example 3.6). Clearly, Y0 is
a simple normal crossing surface over k and geometrically connected over k.
(A.2) We recall here the deﬁnition of simple normal crossing log K3 surfaces.
Deﬁnition A.1 (Nakkajima [Na, 3.1]). Let Y be a simple normal crossing surface over
a ﬁeld k, and let Ysing be the singular locus of Y. We call Y a simple normal crossing
log K3 surface over k, if it satisﬁes all the following conditions:
(1) Y is proper and geometrically connected over k.
(2) H1Zar(Y,OY ) = 0.
(3) The dualizing sheaf ◦Y of Grothendieck–Serre ([H, III, §7]) is isomorphic to OY .
(4) Y is d-semistable in the sense of [Fr, 1.13], that is, the inﬁnitesimal normal bundle
OYsing(Y ) on Ysing [Fr, 1.9] is isomorphic to OYsing .
Remark A.2. (1) The inﬁnitesimal normal bundle OYsing(Y ) is an invertible sheaf on
Ysing by deﬁnition (cf. [Fr, 1.9]). We do not recall the deﬁnition of OYsing(Y ) here, but
we will use the fact that it is isomorphic to the inverse image of the invertible sheaf
OY (Y ) in case Y is globally a simple normal crossing divisor on a regular scheme Y
[Fr, 1.11].
(2) The d-semistability condition is equivalent to the existence of a logarithmic
structure of semistable type in the sense of [KF, 11.6] (see also [KF, 11.7 (2); KN,
§1]). If Y is a d-semistable simple normal crossing surface, then the dualizing sheaf
◦Y coincides with the logarithmic canonical sheaf 
2
Y/k in [Na] (see also [Fr, 3.2, 3.3;
K2, 1.7]). As for the surface Y0 deﬁned in (A.1.1), it satisﬁes conditions (1)–(3) in
Deﬁnition A.1. However it does not satisfy the d-semistability; hence it cannot be the
special ﬁber of any regular semistable family by Friedman [Fr, 1.11]. In fact, we will
show that Y0 becomes d-semistable after some appropriate blow-ups (see (A.4) below).
(A.3) The following fact due to Nakkajima [Na, §5] is a key ingredient of this
appendix, which is a semistable analogue of the canonical lift of ordinary smooth K3
surfaces [Ny].
Theorem A.3 (Nakkajima). Let Y be a simple normal crossing log K3 surface over
a perfect ﬁeld k of positive characteristic. Assume that Y is ordinary (cf. Remark
A.4 below) and projective over k, and that each connected component of Ysing is
geometrically connected over k. Then there exists a regular scheme X which is projective
and ﬂat over the Witt ring W(k) and has strict semistable reduction with special ﬁber
Y. Furthermore the generic ﬁber of X is a smooth projective K3 surface.
Remark A.4. For the last assertion, see the proofs of [Na, 6.8, 6.11]. It is known
that a simple normal crossing log K3 surface Y over k is ordinary if any irreducible
component of Y ⊗k k is a rational surface and any irreducible component of Ysing⊗k k
is a rational curve (cf. [I2], see also [Na, 3.2, 3.4, 5.4]).
Remark A.5. In [Na], any irreducible component of a simple normal crossing log K3
surface over k is assumed to be geometrically integral over k. However, Theorem A.3
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holds under the milder assumption that any connected component of Ysing is geomet-
rically connected over k, by the same proof as in [Na, §5].
(A.4) We return to the situation in (A.1). Fix a k-rational point R ∈ P1k \{O,∞}, and
let Q′ and Q′′ be the L-valued points on P1k × P1k determined by the decomposition
Q×Q = Q′  Q′′. We modify Y0 in the following way:
(∗) Consider the following six L-valued points on the singular locus Y0,sing away
from the triple locus:
P1 = Q′ × R ∈ (P1k × P1k)× P1k, P4 = Q× R ×∞ ∈ P1k × P1k × P1k,
P2 = Q′′ × R ∈ (P1k × P1k)× P1k, P5 = R ×Q×O ∈ P1k × P1k × P1k,
P3 = Q× R ×O ∈ P1k × P1k × P1k, P6 = R ×Q×∞ ∈ P1k × P1k × P1k.
Let f : Y → Y0 be the blow-up of Y0 at these 6 points. Take the strict transform
Y1 of Y0, i.e., the closure of f−1(Y0 \ {P1, . . ., P6}) in Y .
For this modiﬁed surface Y1, we claim the following:
Proposition A.6. Y1 is a simple normal crossing log K3 surface over k.
We will prove this proposition in (A.5)–(A.7) below. By Theorem A.3, we obtain
Corollary A.7. There exists a regular scheme X which is projective and ﬂat over W(k)
and has strict semistable reduction with special ﬁber Y1.
Remark A.8. Let K be the fraction ﬁeld of W(k), and put X := X⊗W(k) K . Then the
abelian fundamental group ab1 (XKsep) is trivial, because X(C)an is simply connected
(cf. [Ko]). By a similar argument to Lemma 3.4, CH0(Y1) is isomorphic to Z⊕(Z/2Z)
and its torsion part is generated by the deference of two k-rational points on the smooth
locus of Y1. Thus the triple (X,X, Y1) satisﬁes the conditions in (2.1) in case k is a
ﬁnite ﬁeld.
(A.5) We begin the proof of Proposition A.6, which will be completed in (A.7) below.
Our task is to show that Y1 satisﬁes conditions (1)–(4) in Deﬁnition A.1. Conditions (1)
and (2) are straight-forward and left to the reader. Note that ◦Y1 is an invertible sheaf
by Hartshorne [H, III.7.11], because Y1 is a local complete intersection in a projective
space. We will show that the scalar extension Z := Y1 ⊗k L satisﬁes conditions (3)
and (4). In fact, the d-semistability of Z (resp. the triviality of ◦Z) implies that of Y1
(resp. that of ◦Y1 ), because the restriction maps of Picard groups are injective under
scalar extensions. In what follows, we ﬁx some notation. Let fL : YL → Y0,L be
the scalar extension of f : Y → Y0. Let {Q}12=1 be the closed points on Z lying
above {P1, . . ., P6} (cf. (A.4)). Let E ⊂ YL ( = 1, . . ., 12) be the exceptional divisor
f−1L (Q). Let {Si}6i=1 be the irreducible components of Z0 := Y0 ⊗k L, let Ti be the
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irreducible component of Z lying above Si , and let i : Ti → Si be the canonical
projection. Deﬁne the simple normal crossing divisor Di on Si as
Di :=
(⋃
i′ =i Si′
) ∩ Si (⊂ Z0).
Let {Qj (i)}4j=1 be the closed points on Si that belong to {Q}12=1. The projection
i : Ti → Si is the blow up of Si at these 4 points (cf. [H, II.7.15]). Let D′i ⊂ Ti be
the strict transform of Di ⊂ Si . Note that D′i is a simple normal crossing divisor on
Ti , and that the singular locus Zsing ⊂ Z is written as
Zsing =⋃ 6i=1 D′i (⊂ Z).
The dual graph Z of Z (cf. (1.4)) is a triangulation of the topological sphere ‘S2’.
Since H1(Z,Z) = 0 and H2(Z,Z)  Z, we have H1(Z,A) = 0 for any abelian
group A by the universal coefﬁcient theorem. For a map g : V → U of schemes and a
quasi-coherent sheaf F on U, we deﬁne g∗F := g−1F ⊗g−1OU OV , where g−1 means
the topological inverse image; if g is a closed immersion, we will often write F |V for
g∗F .
(A.6) We show condition (3), that is, the isomorphism ◦Z  OZ . As we mentioned
in (A.5), ◦Z is an invertible sheaf. By the exact sequence
0 −−−−→ O×Z −−−−→ O×Z(1) −−−−→ O×Z(2) −−−−→ O×Z(3) −−−−→ 0
of Zariski sheaves on Z (note that Z(1) is the disjoint union of Ti’s), we obtain an
exact sequence
(0 =)H1(Z,L×) −−−−→ Pic(Z) −−−−→ ⊕ 6i=1 Pic(Ti),
where we have used the fact that the connected components of Z(1), Z(2) and Z(3) are
geometrically integral over L. Thus we are reduced to showing that ◦Z|Ti is isomorphic
to OTi , for any i = 1, . . ., 6. We show this claim. By Friedman [Fr, 2.11], we have
◦Z|Ti  Ti ⊗OTi OTi (D′i ) (Ti denotes the usual canonical sheaf of Ti). Hence the
claim follows from the isomorphism
Ti ⊗OTi OTi (D′i )  ∗i
(
Si ⊗OSi OSi (Di)
)
(cf. [H, V.3.3, V.3.6]) and the fact that Si (resp. OSi (Di)) is isomorphic to
∗iO(−2) ⊗OSi ∗iO(−2) (resp. ∗iO(2) ⊗OSi ∗iO(2)), where we wrote i (resp. i)
for the ﬁrst (resp. the second) projection Si = P1L × P1L → P1L. Thus we obtain the
condition (3).
(A.7) We show condition (4), that is, the d-semistability of Z. Since Z is a simple
normal crossing divisor on YL, the inﬁnitesimal normal bundle OZsing(Z) is isomorphic
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to OYL(Z)|Zsing by Friedman [Fr, 1.11]. Our task is to show that OYL(Z)|Zsing is
isomorphic to OZsing , which follows from the following two lemmas:
Lemma A.9. The restriction map Pic(Zsing)→⊕6i=1 Pic(D′i ) is injective.
Lemma A.10. For any i = 1, . . ., 6, the sheaf OYL(Z)|D′i is isomorphic to OD′i .
We ﬁrst prove Lemma A.9. By the exact sequence
0 −−−−→ O×Zsing −−−−→
⊕ 6
i=1O×D′i −−−−→ O
×
Z(2)
−−−−→ O×
Z(3)
−−−−→ 0
of Zariski sheaves on Zsing, we have an exact sequence
(0 =)H1(Z,L×) −−−−→ Pic(Zsing) −−−−→ ⊕ 6i=1 Pic(D′i ),
where we have used the facts that the connected components of Z(2) and Z(3) are
geometrically integral over L and that D′i is geometrically connected over L for any
i = 1, . . ., 6. Thus we obtain Lemma A.9. We next prove Lemma A.10. By the blow-up
formula [Fu, 6.7.1], we have
OYL(Z)  f ∗LOY0,L(Z0)⊗OYL OYL
(
−2 ·∑12=1 E) .
We compute the inverse image of the right hand side onto Ti (i = 1, . . ., 6). We have
{
f ∗LOY0,L(Z0)
} |Ti  ∗i {OY0,L(Z0)|Si}  ∗i (∗iO(2)⊗OSi ∗iO(2))
(see (A.6) for i and i). On the other hand, for j = 1, . . ., 4, let Ej (i) ⊂ YL (resp.
Ej (i) ⊂ Ti) be the exceptional divisor f−1L (Qj (i)), (resp. −1i (Qj (i))). Then Ti meets
Ej (i) transversally along Ej (i) for each j = 1, . . ., 4, and does not meet the other
E’s. By these facts, we have
OYL(Z)
∣∣
Ti
 ∗i
(
∗iO(2)⊗Si ∗iO(2)
)⊗OTi OTi (−2 ·∑4j=1 Ej (i)) .
By the choice of the points P1, . . ., P6 in (1.4), Lemma A.10 is reduced to the following:
Lemma A.11. Let F be a ﬁeld. Fix F-rational points p1, p2, p3, p4 and r on P1 := P1F
satisfying the following two conditions: p1, p2 and r are distinct; p3, p4 and r are
distinct. Put S := P1×Spec(F )P1, and deﬁne the simple normal crossing divisor D ⊂ S
as
D := ({p1, p2} × P1) ∪ (P1 × {p3, p4}) ⊂ S.
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Deﬁne the closed points Qj (j = 1, . . ., 4) on S as Q1 := p1 × r , Q2 := p2 × r ,
Q3 := r × p3 and Q4 := r × p4, and blow-up S at these 4 points. Let  : T → S be
this blow-up morphism, let Ej ⊂ T (j = 1, . . ., 4) be the exceptional divisor −1(Qj ),
and let D′ ⊂ T be the strict transform of D ⊂ S. Now deﬁne the invertible sheaf L
on T as
L := ∗ (∗O(1)⊗OS ∗O(1))⊗OT OT (−∑4j=1 Ej ) .
where  (resp. ) denotes the ﬁrst (resp. the second ) projection S = P1 × P1 → P1.
Then the sheaf L|D′ is isomorphic to OD′ .
Proof. Let i be the closed immersion D′ → T . Put C := −1(r) = r × P1 ⊂ S, and
let C′ ⊂ T be the strict transform of C. Then we have
i∗∗∗ O(1)  i∗∗OS(C)  i∗OT (C′ + E3 + E4)  i∗OT (E3 + E4),
because C′ does not meet D′ and OT (C′) is trivial on T \ C′. Similarly, we have
i∗∗∗ O(1)  i∗OT (E1 + E2).
Hence we have i∗L  i∗OT  OD′ . 
This completes the proof of Lemma A.10 and Proposition A.6.
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